Iterative solution of 0∈Ax for an m-accretive operator A in certain Banach spaces  by Chidume, C.E. & Zegeye, H.
J. Math. Anal. Appl. 269 (2002) 421–430
www.academicpress.com
Iterative solution of 0 ∈Ax for an m-accretive
operator A in certain Banach spaces
C.E. Chidume ∗ and H. Zegeye 1
The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy
Received 21 September 2001; accepted 1 November 2001
Submitted by William F. Ames
Keywords: Uniformly smooth spaces; q-uniformly smooth spaces; Duality maps; m-accretive
operators; Pseudocontractive operators
1. Introduction
Let E be a real normed linear space with dual E∗. For 1 < q <∞, we denote
by Jq the generalized duality mapping from E to 2E
∗ defined by
Jqx =
{
f ∗ ∈E∗: 〈x,f ∗〉 = ‖x‖‖f ∗‖, ‖f ∗‖ = ‖x‖q−1},
where 〈. , .〉 denotes the generalized duality pairing. If q = 2, Jq = J2 is denoted
by J . If E∗ is strictly convex then J is single-valued and if E∗ is uniformly
convex then J is uniformly continuous on bounded subsets of E. An operator
A :E → 2E is said to be (a) accretive if for each (x,u), (y, v) ∈ G(A) (graph
ofA) there exists j (x−y) ∈ J (x−y) such that 〈u−v, j (x−y)〉 0; (b) maximal
accretive if it is accretive and the inclusion G(A) ⊆ G(B), with B accretive,
implies G(A)=G(B); (c) m-accretive if A is accretive (hypermaximal accretive
in Browder’s terminology [1, p. 388]) and R(A + λI) = E for all λ > 0.
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A mapping T with domainD(T ) and rangeR(T ) inE is called pseudocontractive
if and only if for all x, y ∈ D(T ) there exists j (x − y) ∈ J (x − y) such that
〈T x − Ty, j (x − y)〉  ‖x − y‖2, and is called strongly pseudocontractive if
and only if there exists k ∈ [0,1) such that for all x, y ∈ D(T ) there exists
j (x − y) ∈ J (x − y) with 〈T x − Ty, j (x − y)〉 k‖x − y‖2. We observe that A
is accretive if and only if (I − A) is pseudocontractive and T is called maximal
pseudocontractive if and only if (I − T ) is maximal accretive.
The first iterative method to approximate fixed points of Lipschitz pseudo-
contractions in Hilbert spaces was given in 1974 by Ishikawa, who proved the
following theorem.
Theorem 1.1 ([2]). If K is a compact convex subset of a Hilbert space H ,
T :K → K is a Lipschitzian pseudocontractive map and x0 is any point of K ,
then the sequence {xn}n0 converges strongly to a fixed point of T , where xn is
defined iteratively for each positive integer n 0 by{
xn+1 = (1− αn)xn + αnTyn,
yn = (1− βn)xn + βnT xn, (1.1)
where {αn}, {βn} are sequences of positive numbers satisfying the following
conditions: (i) 0 αn  βn < 1; (ii) limn→∞ βn = 0; (iii) ∑n0 αnβn =∞.
It is still an open question whether or not the Mann recursion formula (see,
e.g., [3]) which is relatively simpler than (1.1) converges under the setting of
Theorem 1.1. There is an example of a pseudocontractive map for which the Mann
iteration process does not always converge (see, e.g., [4]). Despite the tremendous
progress made within the last 15 years or so on geometric inequalities in Banach
spaces (see, e.g., [5]) Theorem 1.1 has never been extended to Banach spaces
more general than Hilbert spaces. In [6], Qihou extended the theorem to the
slightly larger class of Lipschitz hemicontractions (see, e.g., [6] for definition)
(see also [7,8] for other extensions, still in Hilbert spaces).
In [9], Schu introduced another iteration scheme and proved, in the Hilbert
space setting, the convergence of his scheme to a fixed point of a Lipschitz
pseudocontractive selfmap of a bounded closed convex nonempty subset K of a
Hilbert space. No compactness assumption is imposed on K . Recently, Chidume
[10] extended this result of Schu to Banach spaces admitting weakly sequentially
continuous duality maps. By a different approach Bruck [11] found another itera-
tion procedure which is relatively simpler than that of Schu and which converges,
still in Hilbert spaces, to the same fixed point of T . Both Schu [9] and Bruck [11]
made essential use of ideas which are originally due to Halpern [12], who was
concerned with fixed points of nonexpansive mappings.
It is our purpose in this paper to prove that the iteration process studied by
Bruck [11], which is relatively simpler than that of Schu, converges strongly to
a zero of an m-accretive map in certain real Banach spaces more general than
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Hilbert spaces. In particular, our Theorems 3.1 and 3.4 which hold in real uni-
formly smooth Banach spaces are significant generalizations of the results of
Bruck [11].
2. Preliminaries
Let E be a real normed linear space of dimension, dimE  2. The modulus of
smoothness of E is defined by
ρE(τ) := sup
{‖x + y‖+ ‖x − y‖
2
− 1: ‖x‖ = 1, ‖y‖ = τ
}
, τ > 0.
If ρE(τ) > 0 ∀τ > 0, then E is said to be smooth. If there exist a constant
c > 0 and a real number 1 < q < ∞, such that ρE(τ)  cτq , then E is said
to be q-uniformly smooth. A Banach space E is called uniformly smooth if
limτ→0(ρE(τ)/τ)= 0. Typical examples of such spaces are the Lebesgue Lp , the
sequence %p and the Sobolev Wmp spaces for 1 <p <∞. If E is a real uniformly
smooth Banach space, then
‖x + y‖2  ‖x‖2 + 2〈y, j (x)〉 +Dmax
{
‖x‖ + ‖y‖, c
2
}
ρE(‖y‖) (2.1)
holds for every x, y ∈E, where D and c are some positive constants. If E is a real
q-uniformly smooth Banach space, then (see, e.g., [5]) the following geometric
inequality holds:
‖x + y‖q  ‖x‖q + q〈y, jq(x)〉 + d‖y‖q (2.2)
for all x, y ∈E and some real constant d > 0. Furthermore, the Banach spaces lp,
Lp and Wpm (1 <p <∞) have the property
ρlp (τ )= ρLp(τ )= ρWpm(τ )
=
{
(1+ τp)1/p − 1 < 1
p
τp, 1<p < 2,
p−1
2 τ
2 + o(τ 2) < p−12 τ 2, p 2
(2.3)
(see, e.g., [5]). We begin with the following definitions which are partly due to
Bruck [11] (see also Halpern [12]).
Definition 2.1. Let E be real uniformly smooth normed linear space with modules
of smoothness ρE . Then, two sequences {λn} and {θn} of nonnegative real
numbers will be called acceptably paired if {θn} is decreasing, limn→∞ θn = 0
and there exists a strictly increasing sequence {n(i)}∞i=1 of positive integers such
that
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(i) lim inf
i
θn(i)
n(i+1)∑
j=n(i)
λj > 0, (ii) lim
i
[θn(i) − θn(i+1)]
n(i+1)∑
j=n(i)
λj = 0,
(iii) lim
i
n(i+1)∑
j=n(i)
ρE(λjM
′)= 0
for some M ′ > 0.
Definition 2.2. Let E be real q-uniformly smooth normed linear space. Then, two
sequences {λn} and {θn} of nonnegative real numbers will be called acceptably
paired if {θn} is decreasing, limn→∞ θn = 0 and there exists a strictly increasing
sequence {n(i)}∞i=1 of positive integers such that
(i) lim inf
i
θn(i)
n(i+1)∑
j=n(i)
λj > 0, (ii) lim
i
[θn(i) − θn(i+1)]
n(i+1)∑
j=n(i)
λj = 0,
(iii) lim
i
n(i+1)∑
j=n(i)
λ
q
j = 0
for q ∈ (1,∞).
An example of an acceptably paired sequence. Take λn = n−1, θn = (log
logn)−1, n(i)= ii ; then these satisfy conditions of Definition 2.2 (see [11]).
In the sequel we shall need the following proposition and theorem.
Proposition 2.3 ([13]). Let E be a real Banach space and let A :E → 2E be
an m-accretive map. Then A is maximal accretive. If E is a Hilbert space, then
A :H → 2H is maximal accretive if and only if it is m-accretive.
Theorem 2.4 ([14]). Let E be a uniformly smooth Banach space, and let A :E→
2E be m-accretive. If 0 ∈ R(A), then for each x ∈ E the strong limt→∞ Jt (x)
exists and belongs to A−1(0), where Jt := (I + tA)−1, t > 0.
For the rest of this paper let x∗ ∈ A−1(0) be such that Jt (0)→ x∗ as t →∞
guaranteed by Theorem 2.4.
3. Main results
Now we prove our main theorems.
C.E. Chidume, H. Zegeye / J. Math. Anal. Appl. 269 (2002) 421–430 425
Theorem 3.1. Let A :D(A) = E → 2E be an m-accretive operator on a real
uniformly smooth Banach space E with 0 ∈ R(A). Suppose {λn} and {θn} are
acceptably paired as in Definition 2.1, z ∈ E arbitrary, and a sequence {xn} ⊂
D(A) satisfies
xn+1 = xn − λn(un + θn(xn − z)), un ∈Axn, (3.1)
for all positive integers n. If {xn} and {un} are bounded then {xn} converges
strongly to x∗.
Proof. Without loss of generality we may assume z= 0. Since A is m-accretive,
so is θ−1A and hence R(I + θ−1A) = E for any θ > 0. Thus there exists,
for each i , a unique yi ∈ E with 0 ∈ θiyi + Ayi and, by Theorem 2.4,
limθi→0 J1/θi (0) = limt→∞ Jt (0) = limi→∞ yi = x∗ ∈ A−1(0) for t = 1/θi . For
n i  2, we have for un ∈Axn that
xn − yi = xn−1 − yi − λn−1(un−1 + θn−1xn−1)
so that by inequality (2.1)
‖xn − yi‖2 = ‖xn−1 − yi − λn−1(un−1 + θn−1xn−1)‖2
 ‖xn−1 − yi‖2 − 2λn−1〈un−1 + θixn−1, j (xn−1 − yi)〉
+ 2λn−1(θi − θn−1)〈xn−1, j (xn−1 − yi)〉
+Dmax
{
‖xn−1 − yi‖+ λn−1‖un−1 + θn−1xn−1‖, c2
}
× ρE(λn−1‖un−1 + θn−1xn−1‖). (3.2)
Since −θiyi ∈ Ayi , un−1 ∈ Axn−1 and A is accretive we get that 〈un−1 + θiyi,
j (xn−1 − yi)〉 0 which implies that 〈un−1 + θixn−1, j (xn−1 − yi)〉 = 〈un−1 +
θiyi, j (xn−1 − yi)〉+ θi‖xn−1 − yi‖2  θi‖xn−1 − yi‖2. These estimates together
with (3.2) give that
‖xn − yi‖2  (1− 2λn−1θi)‖xn−1 − yi‖2
+ 2λn−1(θi − θn−1)‖xn−1‖‖(xn−1 − yi)‖
+Dmax
{
‖xn−1 − yi‖ + λn−1‖un−1 + θn−1xn−1‖, c2
}
× ρE(λn−1‖un−1 + θn−1xn−1‖). (3.3)
Since {xn} and {un} are bounded there exist C′ > 0, D′ > 0 and M ′ > 0
such that 2‖xn−1‖‖(xn−1 − yi)‖  C′, Dmax{‖xn−1 − yi‖ + λn−1‖un−1 +
θn−1xn−1‖, c/2}D′ and ‖un−1+ θn−1xn−1‖M ′. Moreover, (1−2λn−1θi)
exp(−2λn−1θi). Therefore (3.3) gives
‖xn − yi‖2  exp(−2λn−1θi)‖xn−1 − yi‖2 +C′λn−1(θi − θn−1)
+D′ρE(λn−1M ′). (3.4)
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Applying induction to (3.4) and using the fact that θi − θj  θi − θn for j  n we
get that
‖xn − yi‖2  exp
(
−2θi
n−1∑
j=i
λj
)
‖xi − yi‖2 +C′(θi − θn)
n∑
j=i
λj
+D′
n∑
j=i
ρE(λjM
′). (3.5)
This is inequality (12) in [11] with ∑nj=i λ2j replaced by ∑nj=i ρE(λjM ′). The
remainder of the argument now follows exactly as in [11] to yield that xn → x∗,
completing the proof. ✷
Corollary 3.2. Let A :D(A) = E → 2E be an m-accretive operator on a real
q-uniformly smooth Banach space E (1 < q <∞) with 0 ∈ R(A). Suppose {λn}
and {θn} are acceptably paired as in Definition 2.2 such that z ∈E arbitrary, and
a sequence {xn} ⊂D(A) satisfies
xn+1 = xn − λn(un + θn(xn − z)), un ∈Axn, (3.6)
for all positive integers n. If {xn} and {un} are bounded, then {xn} converges
strongly to x∗ in A−1(0).
Proof. Following the method of proof of Theorem 3.1, using Definition 2.2, in-
equality (2.2), and the given recursion formula, we obtain the following inequal-
ity:
‖xn − yi‖q  exp
(
−qθi
n−1∑
j=i
λj
)
‖xi − yi‖q +C1(θi − θn)
n∑
j=i
λj
+D1
n∑
j=i
λ
q
j (3.7)
for some positive constants C1 > 0, D1 > 0 (compare with inequality (3.5)). The
rest of the argument now follows as in the proof of Theorem 3.1. ✷
Corollary 3.3. Let E be a real q-uniformly smooth Banach space (1 < q <∞),
A :E→ 2E be an m-accretive operator and {λn} be a nonnegative real sequence
with limλn = 0 and ∑λn =+∞. If a sequence {xn} ⊂D(A) satisfies
xn+1 = xn − λn(un + xn), un ∈Axn, (3.8)
for all positive integers n and {xn}, {un} are bounded, then {xn} converges
strongly to the unique solution y of 0 ∈ y +Ay .
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Proof. The existence and uniqueness of y follow from the m-accretivity of A.
Define θn = 1 for all n. Then we observe that (3.8) and (3.6) agree for z = 0.
Since limλn = 0 and∑λn =∞, we can find a strictly increasing sequence {n(i)}
of positive integers such that
∑n(i+1)
j=n(i) λj  1 for each i and
∑n(i+1)
j=n(i) λ
q
j = 0 for
q ∈ (1,∞). Thus conditions (i) and (iii) of Definition 2.2 are satisfied. But we
have also condition (ii) satisfied because θn = 1 for all n. Then repeating the
proof of Corollary 3.2, replacing yi with y , we obtain xn→ y . ✷
Theorem 3.4. Let A :D(A) = E → 2E be an m-accretive operator on a real
uniformly smooth Banach space E with 0 ∈ R(A). Then there exist constants
K > 0, M > 0 and r > 0 such that whenever {λn} and {θn} are acceptably
paired as in Definition 2.1, and θ1  1, λn 
√
K , δn/θn  K for all positive
integers n, where δn = ρE(λnM)/λnM , z ∈ Br/2(x∗) arbitrary, and initial guess
x0 ∈Br(x∗), the sequence constructed from x0 by
xn+1 = xn − λn(un + θn(xn − z)), un ∈Axn, (3.9)
remains in Br(x∗) and converges strongly to x∗ in A−1(0).
Proof. Since A is accretive and E is uniformly smooth, then there exists r > 0
such that A is bounded on Br(x∗) (see, e.g., [15]). Set M := 2r + sup{‖u‖: u ∈
A(Br(x
∗))}. We show by induction that {xn} belongs to Br(x∗) for all positive
integers. Now, x0 ∈ Br(x∗) by assumption. Hence we may assume xn ∈ Br(x∗)
and prove that xn+1 ∈ Br(x∗). Suppose xn+1 is not in Br(x∗). Then ‖xn+1 −
x∗‖> r and by (3.9) and inequality (2.1), for un ∈Axn, we get that
‖xn+1 − x∗‖2 =
∥∥xn − x∗ − λn(un + θn(xn − z))∥∥2
 ‖xn − x∗‖2 − 2λn〈un, j (xn − x∗)〉
− 2λnθn〈xn − z, j (xn − x∗)〉
+Dmax
{
‖xn − x∗‖ + λn‖un + θn(xn − z)‖, c2
}
× ρE
(
λn‖un + θn(xn − z)‖
)
. (3.10)
But xn ∈Br(x∗) and θn  1 imply that ‖un+ θn(xn− z)‖ ‖un‖+ θn‖(xn− z)‖
 ‖un‖ + 2r M . Since A is accretive and x∗ ∈ A−1(0), we have 〈un, j (xn −
x∗)〉 0. Hence these estimates together with (3.10) give that
‖xn+1 − x∗‖2  ‖xn − x∗‖2 − 2λnθn〈xn − z, j (xn − x∗)〉
+Dmax
{
r +M, c
2
}
ρE(λnM). (3.11)
Choose K > 0 sufficiently small such that K  r2/(2
√
D∗ + 2M)2, where
D∗ = MDmax{r +M,c/2}/2. Then, since ‖xn+1 − x∗‖ > ‖xn − x∗‖ by our
assumption, from (3.11) we get that
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2λnθn〈xn − z, j (xn − x∗)〉DM max
{
r +M, c
2
}
ρE(λnM)
M
which gives 〈xn − z, j (xn − x∗)〉  D∗K , since δn/θn  K . Now adding 〈z −
x∗, j (xn − x∗)〉 to both sides of this inequality we get that
‖xn − x∗‖2 KD∗ + 〈z− x∗, j (xn − x∗)〉KD∗ + ‖z− x∗‖‖xn − x∗‖
KD∗ + r
2
‖xn − x∗‖.
Solving this quadratic inequality for ‖xn − x∗‖ and using the estimate√
r2/16+KD∗  r/4+√KD∗, we obtain that ‖xn− x∗‖ r/2+
√
KD∗. But
in any case, ‖xn+1 − x∗‖ ‖xn − x∗‖ + λn‖un + θn(xn − z)‖ so that
‖xn+1 − x∗‖ r2 +
√
KD∗ + λnM  r,
by the original choices of K and λn, and this contradicts the assumption that xn+1
is not in Br(x∗). Therefore xn ∈ Br(x∗) for all positive integers n. Since A is
bounded on Br(x∗), Theorem 3.1 implies that {xn} converges strongly to x∗. ✷
Corollary 3.5. Let A :D(A) = E → 2E be an m-accretive operator on a real
q-uniformly smooth Banach space E (1 < q <∞) with 0 ∈ R(A). Then there
exist constants r , K1 > 0 such that whenever {λn} and {θn} are acceptably paired
as in Definition 2.2 and θ1  1, λq−1n /θn K1 for all positive integers n, then for
any z ∈ Br/2(x∗) and initial guess x0 ∈ Br(x∗) the sequence constructed from x0
by xn+1 = xn−λn(un+ θn(xn− z)), un ∈Axn, remains in Br(x∗) and converges
strongly to x∗.
Proof. As in the proof of Theorem 3.4, there exists r > 0 such that A is bounded
on Br(x
∗). Set M := 2r + sup{‖u‖: u ∈ A(Br(x∗))}. We show by induction
that {xn} belongs to Br(x∗). Now, x0 ∈ Br(x∗) by assumption. Hence we may
assume xn ∈ Br(x∗) and prove that xn+1 ∈ Br(x∗). Suppose xn+1 is not in
Br(x
∗). Following the method of proof of Theorem 3.4, using (2.2), we obtain
the following inequality:
‖xn+1 − x∗‖q  ‖xn − x∗‖q − qλnθn〈xn − z, jq(xn − x∗)〉
+ dλqn‖un + θn(xn − z)‖q . (3.12)
Choose K1 > 0 sufficiently small so that
d
q
K1 + qK1/(q−1)1 + dKq/(q−1)1 
1
2
(
r
M
)q
.
Then, since ‖xn+1 − x∗‖> ‖xn− x∗‖ by our assumption, from (3.12) we get that
qλnθn〈xn−z, jq(xn−x∗)〉 dλqn‖un+θn(xn−z)‖q which gives 〈xn−z, jq(xn−
x∗)〉  (d/q)K1Mq, since λq−1n /θn K1. Now adding 〈z− x∗, jq(xn − x∗)〉 to
both sides of this inequality we get that
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‖xn − x∗‖q  d
q
K1M
q + 〈z− x∗, jq(xn − x∗)〉
 d
q
K1M
q + ‖z− x∗‖‖xn − x∗‖q−1
 d
q
K1M
q + r
2
‖xn − x∗‖q−1.
But this estimate and (3.12) give that
‖xn+1 − x∗‖q  d
q
K1M
q + r
2
‖xn − x∗‖q−1 + qλnM‖xn − x∗‖q−1
+ dMqλqn
 d
q
K1M
q + r
q
2
+ qMqλn + dMqλqn  rq
by the original choices of K1 and λn. Hence ‖xn+1 − x∗‖  r and this
contradiction gives that xn ∈Br(x∗) for all positive integers n. SinceA is bounded
on Br(x
∗), Corollary 3.2 implies that {xn} converges to x∗. ✷
Remark 3.6. By the estimates given in (2.3) we get that (a) if E = Lp , lp
or W
p
m (2  p < ∞), condition (iii) of Definition 2.1 may be replaced with
limi
∑n(i+1)
j=n(i) λ
2
j = 0. (b) If E = Lp , lp or Wpm (1 < p < 2), condition (iii) of
Definition 2.1 may be replaced with limi
∑n(i+1)
j=n(i) λ
p
j = 0.
Corollary 3.7. Let E be a real normed linear space and let A :D(A)⊆ E→ E
be single-valued and demicontinuous (strong to weak continuous). Suppose∑
λn =∞, and θn→ 0, xn ⊂D(A) satisfies xn+1 = xn − λn(Axn + θn(xn − z))
for some z ∈D(A) and all integers n, and xn→ x ′. If x ′ ∈D(A), then Ax ′ = 0.
Proof. The argument follows as in the proof of Theorem 2 of [11] with the real
series (17) of [11] replaced by ∑λn〈Axn + θn(xn − z), j (Ax ′)〉. ✷
Remark 3.8. If A is maximal monotone on E =H , Hilbert space, then A−1(0) is
a closed convex subset of E. Moreover, the duality map J reduces to the identity
map. Hence as it is implicitly shown in [11, Lemma 1] there is exactly one point
x∗ ∈ A−1(0) such that ‖z − x∗‖ = infu∈F(T ) ‖z − u‖ and that {xn} converges
strongly to x∗.
Remark 3.9. In Hilbert spaces, by Proposition 2.3, an operator A is m-accretive
if and only if A is maximal accretive (monotone). It then follows from this
and Remark 3.8 that Corollary 3.2 is an extension of Theorem 1 of [11] from
Hilbert spaces to real q-uniformly smooth Banach spaces. Similarly, again, with
Remark 3.8, Corollaries 3.3, 3.7 and 3.5 extend Corollary 1, Theorems 2 and 3,
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respectively, of [11] from Hilbert spaces to the more general real uniformly
smooth Banach spaces.
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